We classify smooth n-dimensional varieties X n ⊂ P 2n+1 with one apparent double point and of degree d 2n + 4, showing that these are only the smooth irreducible divisors of type (2, 1), (0, 2) and (1, 2) on the Segre manifold P 1 × P n ⊂ P 2n+1 , a 3-fold of degree 8 and two Mukai manifolds, the first one of dimension 4 and degree 12, the second one of dimension 6 and degree 16. We also prove that a linearly normal variety X n ⊂ P 2n+1 of degree d 2n + 1 and with Sec(X n ) = P 2n+1 is regular and simply connected, that it has one apparent double point and hence it is a divisor of type (2, 1), (0, 2) or (1, 2) on the Segre manifold P 1 × P n ⊂ P 2n+1 . To this aim we study linear systems of quadrics on projective space whose base locus is a smooth irreducible variety and we look for conditions assuring that they are (completely) subhomaloidal; we also show some new properties of varieties X n ⊂ P 2n+1 defined by quadratic equations and we study projections of such varieties from (subspaces of ) the tangent space.
Introduction
In this paper we study two apparently unrelated topics: special subhomaloidal systems of quadrics and varieties with one apparent double point.
Subhomaloidal systems are linear systems of hypersurfaces in projective space for which the closure of a general fibre of the associated rational map is a linear embedded projective space; they are said to be special if the base locus scheme is a smooth irreducible variety and completely subhomaloidal if the closure of every fibre is a linear embedded projective space. Part of the terminology was introduced in [31] as a generalization of the classical definition of homaloidal linear systems, the linear systems of hypersurfaces defining maps which are birational onto the image. † Partially supported by GNSAGA of the Italian CNR.
‡ Partially supported by CNPq (Centro Nacional de Pesquisa), grant 300761/97-0 and by the Università di Milano (Italia).
In the literature special (sub)homaloidal systems of quadrics have received considerable attention (see [11, 17, [29] [30] [31] [32] ). In the first section we generalize the fact that quadrics defining some well known smooth varieties of small degree with respect to codimension form a (sub)homaloidal system by proving that if the degree d of a linearly normal variety X ⊂ P r , regular if its dimension is greater than 1, is less than or equal to 2 codim(X) − 1, then the quadrics through X form a special and completely subhomaloidal system. To obtain this result we first show that such a variety satisfies condition N 2 , which after some manipulations reduces to applying Castelnuovo's idea that, in P s , k 2s + 1 points in general linear position impose independent conditions to quadric hypersurfaces. Then we apply a result of [35] (see also [17] ) saying that if the scheme of forms theoretically defining a variety have enough linear syzygies to generate the trivial or Koszul relations (a condition named K d where d is the common degree of the forms), then they give a special and completely subhomaloidal linear system (Proposition 2 and [2] ). Until now the above results were applied to geometrical problems in the case when the secant variety of X, Sec(X), is a proper subvariety of the ambient space (see [1, 35] ). At the end of the first section we furnish a first geometrical interpretation of the fact that the scheme of quadratic forms theoretically defining a variety give a completely subhomaloidal linear system: the entry locus of every point p ∈ Sec(X)\X, i.e. the locus of points on X parameterizing the secant lines through p, is a quadric hypersurface in the closure of the fibre through p of the associated rational map. This interpretation opens the way to geometrical applications also in the case in which the secant variety fills the ambient space (Proposition 4 and Corollary 1).
In Section 2 we recall the definition of variety with one apparent double point. It is an n-dimensional variety X n ⊂ P 2n+1 for which through the general point of P 2n+1 there passes a unique secant line, or, equivalently, for which the general projection into P 2n has a unique double point as its singularity. In particular the secant variety fills the whole space and these varieties have many interesting geometrical properties: they are linearly normal, regular and all the known examples are also rational, arithmetically Cohen-Macaulay and the scheme theoretic intersection of the quadrics through them. As an application of the results of the first section we prove that a smooth variety X n ⊂ P 2n+1 with Sec(X) = P 2n+1 and satisfying condition K 2 has one apparent double point by studying the linear system of quadrics through the variety and by showing that the general secant line to X is realized as a fibre of the associated rational map (Theorem 1). This idea can also be applied to prove that some varieties have one apparent double point (Examples 1, 2, 3, 4, 5) and to other related geometrical problems: varieties with one apparent triple point, etc. (see Remark 1 of Section 3). At a first glance the above result seems to say that there exist many varieties with one apparent double point, for example combining it with Proposition 2. Because of their strong geometric properties these are 'isolated' and one could hope to classify them. The classification is known for n 3: for n = 1 there is only one such curve, the twisted cubic; for n = 2 the surfaces with one apparent double point are the 2 rational normal scrolls of degree 4 and the Del Pezzo surface of degree 5 (see [8, 26, 33] ); for n = 3 these are the 3-folds described in Examples 1, 2 and 3 (see [8] ). In Sections 4 and 5 we completely classify n-dimensional varieties with one apparent double point and of degree d 2n + 4. For d 2n + 1 they are smooth irreducible divisors of type (2, 1), (0, 2) or (1, 2) on the Segre embedding
The first class consists of the X n ⊂ P 2n+1 of minimal degree n + 2 and with Sec(X n ) = P 2n+1 ; the last two series were studied classically by Edge [10] and also [3] (for this reason they are now named Edge varieties); Edge varieties have degree 2n, respectively 2n + 1. As a Corollary of Theorems 1 and 2 we also prove that a linearly normal variety X n ⊂ P 2n+1 with Sec(X n ) = P 2n+1 having degree d 2n + 1 is regular and simply connected, that it has one apparent double point so that it is a variety of minimal degree or an Edge variety (Corollary 2). This answers a question also posed by F. Zak. For 2n + 2 d 2n + 4 there are only three varieties with one apparent double point: for d = 2n + 2 a 3-fold of degree 8 and for d = 2n + 4 two Mukai varieties, the first one of dimension 4 and degree 12, the second one of dimension 6 and degree 16 (Theorem 3). By a theorem of [8] these two Mukai varieties can be also characterized as the unique varieties with one apparent double point having as general curve section a canonical curve. We remark that classification of varieties with one apparent double point is possible in the range d 2n + 4 because, due to a result of Ionescu [21] , we know the abstract structure of X n . For n 4 it is either a scroll over a curve or a hyperquadric fibration over a curve or a scroll over a surface or a Mukai variety. We also prove some general results on varieties with one apparent double point having the above structures, the most significant of them being Proposition 9.
To get the above results, in Section 3, we study a related subject: the projection of a variety X n ⊂ P 2n+1 from (subspaces of ) the tangent space at a general point. Firstly we give an interpretation of Terracini's lemma by showing that the projection from a general tangent space is a generically finite rational map if and only if X n is not secant defective, i.e. dim (Sec(X)) = 2n + 1 (Proposition 3). Then, stimulated by a classical theorem of Bronowski, whose proof is obscure to us (a variety X n ⊂ P 2n+1 has one apparent double point if and only if the projection from a general tangent space onto a disjoint P n is birational, see [6] ), we prove that a variety with one apparent double point whose entry locus is quadratic for every q ∈ P 2n+1 \X n projects birationally from the tangent space at a general point, and moreover if it is a scheme theoretic intersection of quadrics it is also arithmetically Cohen-Macaulay (Proposition 4). As a corollary we deduce that for a not secant defective variety X n ⊂ P 2n+1 satisfying condition K 2 the projection from a general tangent space of X n at a general point is birational and X n is a rational arithmetically Cohen-Macaulay variety (Corollary 1). The analysis of the known examples suggests that probably most varieties with one apparent double point have quadratic entry locus for every p ∈ P 2n+1 \X n , which for general p ∈ P 2n+1 reduces to two points on a secant line. It could also be the case that a variety with one apparent double point projects birationally from the tangent space, that it naturally carries a special and completely subhomaloidal system of quadrics, the linear system of quadrics through it, that it is rational and arithmetically Cohen-Macaulay. This is motivated by some results contained in the paper, by the analysis of the known examples and it is based on the empirical observation that 'essentially' the unique way of realizing geometrically a congruence of secant lines to a smooth variety with one apparent double point is to organize the secant lines as fibres of a rational map. The answer to some of the above questions could eventually lead to the classification of all smooth varieties with one apparent double point, which also in the range d > 2n + 4, n 4, seem to be isolated and sporadic.
Some special subhomaloidal systems of quadrics
Let us introduce some definitions. Definition 1. A linear system of hypersurfaces of P r is said to be homaloidal if it defines a birational map onto the image and subhomaloidal if the (closure of a) general fibre of the associated rational map is a linear projective space. It is said to be special if the base locus scheme of the linear system is a smooth irreducible subvariety X ⊂ P r ; a linear system is said to be completely (sub)homaloidal if (the closure of ) every fibre is a linear projective space.
The following definition was introduced in [35] . The following proposition is a consequence of the definitions in the case d = 2 (on P 1 the only linear system of quadrics satisfying condition K 2 and without base points is the complete one) while in general it is proved using an idea contained in [17] . We would like to remark that for geometrical applications the importance of this result is that under condition K d we have completely subhomaloidal linear systems, i.e. (the closure of ) every fibre is a projective linear space, not necessarily of the same dimension, eventually of dimension 0. For the proof we refer to [35] . Special (sub)homaloidal systems of quadrics deserved great interest. Well known examples are given by quadrics through a rational normal curve of degree 4 (general representation of G (1, 3) , see [29, 30] ), by quadrics through a normal elliptic quintic curve (quadro-cubo transformation of P 4 , see [30] ) or by quadrics through a Veronese surface in P 5 (quadro-quadric involutory transformation of P 5 , see [11, 30] ), by quadrics through a rational octic surface in P 6 (see [17, 32] ). These special homaloidal systems have also the property that the map they define is an isomorphism on P r \Sec(X) and more precisely that they are completely subhomaloidal. Several interesting examples of special subhomaloidal systems are discussed in [11] , [17] and [30] and most of the examples of homaloidal systems are obtained from the subhomaloidal ones by restricting to a general linear space of dimension equal to the codimension of the generic fibre. Vice versa once we have a special homaloidal system and we know that the base locus can be extended non-trivially we could hope to find a special subhomaloidal system. We proceed by proving the following result which includes as a special case the verification that most of the special linear system of quadrics listed above are completely (sub)homaloidal. Proof. We recall the following general and easy fact. A variety X ⊂ P r of dimension greater than or equal to 2 is arithmetically Cohen-Macaulay if and only if its general hyperplane section is arithmetically Cohen-Macaulay. A general curve section of X, C ⊂ P s+1 , is smooth and linearly normal because X is linearly normal and regular. Since d 2s+1, by the Clifford theorem C is embedded by a non-special line bundle and by the Riemann-Roch theorem we get
which by a well known result of Castelnuovo-Mumford implies that C is projectively normal, so that X is arithmetically Cohen-Macaulay. If d 2s, then d 2g(C) + 2 which by a result of Saint-Donat implies that the homogeneous ideal of C is generated by quadratic forms, see [28] . Since X is arithmetically Cohen-Macaulay by the first part of the proof, we conclude that the ideal of X is generated by quadratic forms. If d 2s − 1, we obtain d 2g(C) + 3 so that C satisfies condition N 2 (see [14, 15] ); then it follows that X satisfies condition N 2 . In fact since X is arithmetically Cohen-Macaulay the minimal resolution of the homogeneous ideal of X coincides numerically with the minimal resolution of the homogeneous ideal of C. The last claims follow from Proposition 1 (see also [2] ). Remark 1. In [2] we proved geometrically some results on varieties whose degree is small with respect to codimension by using Castelnuovo's argument that, in P s , a set of k 2s + 1 points in general linear position impose independent conditions to quadric hypersurfaces. We proved directly that regular varieties X ⊂ P r whose degree d is less than or equal to 2s − 1 are the scheme-theoretic intersection of the quadrics through them and that |H 0 (I X (2))| is a special subhomalidal system, showing that this last result is elementary and completely geometric. The stronger fact that such varieties have homogenous ideal generated by quadratic forms whose first syzygies are generated by the linear ones gives that every fibre of the associated rational map is linear, i.e. it gives information about the entry locus of the variety.
Let X ⊂ P r be a non-degenerate variety and let p ∈ Sec(X)\X. One defines the secant cone C p of p as the union of secant or tangent lines to X passing through p and the entry locus Σ p of p as
For a general point p ∈ Sec(X) the dimension of Σ p is a projective invariant of X, called the secant deficiency of X, which was studied classically and more recently in [37] . A variety X ⊂ P r is said to be a variety with quadratic entry locus if for the general p ∈ Sec(X)\X, the entry locus Σ p is a quadric hypersurface. Varieties with quadratic entry locus have a good geometry and a lot of interesting properties and Proposition 1 gives a tool to verify that some examples share this property. Proposition 1 can be rephrased saying that if X ⊂ P r satisfies condition K 2 , then its entry locus is quadratic for every p ∈ Sec(X)\X.
Varieties with one apparent double point, which will be introduced in the next section, are a notable class of varieties for which the quadratic entry locus for a general point consists of a zero-dimensional quadric, i.e. 2 points on a secant line; most of the known examples have also the property that the entry locus is quadratic for every point p ∈ Sec(X)\X as we shall show in the next sections.
Special subhomaloidal systems of quadrics and varieties with one apparent double point
Let us recall the following definition.
Definition 3. A smooth n-dimensional variety X n ⊂ P 2n+1 is said a variety with one apparent double point if through a general point of P 2n+1 there passes a unique secant line to X n ; or equivalently, if the projection of X n from a general point of P 2n+1 is a variety having only one node as singularities.
For general properties of varieties with one apparent double point the first section of [26] can be consulted. A variety X n ⊂ P 2n+1 with one apparent double point is linearly normal and, since through a generic point of P 2n+1 there passes a unique secant line, the symmetric product X (2) n of X n , which birationally parameterizes the secant lines to X n , is a rational variety. Then, since from general properties of the Albanese variety, we have Alb(X n ) = Alb(X (2) n ), from the surjective morphism 0 = Alb(P 2n ) → Alb(X n ), we deduce that q(X) = h 1 (O Xn ) = 0 (see [23] ). It is easy to see that the only curve in P 3 having one apparent double point is the twisted cubic. In [26] the second author obtained the classification of surfaces with one apparent double point, showing that these are the rational normal scrolls of degree 4 in P 5 and the Del Pezzo surface in P 5 , completing classical work of Severi (see [33] ). The classification of 3-folds with one apparent double point is contained in [8] .
Let us take a variety X n ⊂ P 2n+1 defined by quadratic equations and having secant variety filling the whole space. Let us suppose that the linear system of quadrics containing X n restricted to a general hyperplane section of X n is a special homaloidal system of quadrics. Then X n has one apparent double point. In fact the linear system |H 0 (I Xn (2))| contracts the secant lines to X to points and defines a rational map φ:
. If the restriction of φ to a general hyperplane is a birational map onto the image, then the general fibres of φ are necessarily lines and hence secant lines to X n (a contracted line is a secant line to X n ); this proves that through a general point of P 2n+1 there passes a unique secant line to X n and that |H 0 (I Xn (2))| is subhomaloidal. This easy remark can be applied in several examples to prove that some varieties have one apparent double point. Let us firstly prove some general result. Theorem 1. Let X n ⊂ P 2n+1 be a smooth n-dimensional variety scheme theoretically defined by quadratic forms F 0 , . . . , F k satisfying condition K 2 and such that Sec(X n ) = P 2n+1 . Then X n has one apparent double point. Proof 1. Let p ∈ P 2n+1 be a general point and suppose that through p there pass at least two secant lines l 1 , respectively l 1 . By the generality of p we can assume that they cut X n at the distinct points q 1 , q 2 , respectively q 1 , q 2 . Remember that since Sec(X n ) = P 2n+1 through a general point of P 2n+1 there passes a finite number of proper secant lines to X n . Then the plane Π p = l, l would intersect X n , scheme theoretically, in a finite set of points Γ ⊇ {q 1 , q 2 , q 1 , q 2 } (otherwise through p there would pass infinitely many secant lines to X n ), which would be scheme theoretically defined by the restrictions of the F i 's to Π p . This would imply that Γ = {q 1 , q 2 , q 1 , q 2 } is the complete intersection of two conics, hence the restrictions of the F i 's to Π p would not satisfy condition K 2 .
Proof 2. Let Y = X n H be a generic hyperplane section. Then Y satisfies property K 2 and Sec(Y ) ⊂ H = P 2n . By Proposition 1 the generic fibre of the rational map defined by the F i s is then a line (secant to X n ), since it cuts H only in one point; hence X n has one apparent double point since through a generic point of P 2n+1 there passes a unique secant line to it.
Example 1. (Smooth n-dimensional varieties of minimal degree in P
2n+1 whose secant variety fill the whole space have one apparent double point.) We construct two series of varieties X n+2 n ⊂ P 2n+1 , each of which has one apparent double point. These are the smooth n-dimensional rational normal scrolls in
and their secant varieties fill the whole space; they have one apparent double point by combining Proposition 2 and Theorem 1. Moreover, these are the only smooth X n+2 n ⊂ P 2n+1 , whose secant varieties fill the whole space by a classical theorem of Bertini and Del Pezzo. For n 2 these are divisors of type (2, 1) on the Segre embedding of P 1 × P n into P 2n+1 , while, for n = 2, S(2, 2) can be realized also as a divisor of type (0, 2) on the Segre 3-fold P 1 × P 2 ⊂ P 5 . From this description one could deduce that they have one apparent double point by applying an idea of Edge, see Lemma 1 below.
We recall a construction, due to Edge and Babbage (see [10] and also [3] ) of two series of varieties X n ⊂ P 2n+1 , n 1 having one apparent double point.
Example 2. (Edge varieties have one apparent double point.) Let
is an (n + 1)-dimensional subvariety of degree n + 1. Let π be one of the P n 's of the ruling of Y n+1 and let Q 1 be a general hyperquadric of P 2n+1 containing π. Then the residual intersection of Q 1 with Y n+1 is an n-dimensional smooth variety X 2n+1 n of degree 2n + 1 in P 2n+1 and it is a divisor of type (1, 2) on Y n+1 . Let now π α and π β be two fixed n-planes of the ruling of Y n+1 . If Q 2 is a general hyperquadric through π α and π β , then the residual intersection of Q 2 with Y n+1 is an n-dimensional smooth variety X 2n n of degree 2n and it is a divisor of type (0, 2) on Y n+1 , i.e. X 2n n P 1 × Q n−1 . By applying Proposition 2 and Theorem 1 we see that the above varieties have one apparent double point since they are linearly normal and have h 1 (O X ) = 0. Edge shows geometrically that these varieties have one apparent double point (see [10, I·2-I·5] ). We will reproduce Edge's argument in Lemma 1. The above construction gives, for n = 1, as X We could verify that some interesting examples of varieties X n ⊂ P 2n+1 , of degree d > 2n+1 too, have one apparent double point using the idea contained in the second proof of Theorem 1, even if condition K 2 is not satisfied. The fact that Example 3 has one apparent double point seems to be unknown.
Example 3. (Smooth 3-folds of degree 8 in P
7 with one apparent double point). Let X = P(E) ⊂ P 7 be the scroll over P 2 associated to the very ample vector bundle E of rank 2 given as an extension by the following exact sequence
where p 1 , . . . , p 8 are points in P 2 not lying on a conic and such that no 4 are collinear. Such a vector bundle exists (see [18] ). A general hyperplane section of X corresponding to a general section of E is a smooth octic rational surface Y , the embedding of the blow-up of P 2 at the p i 's given by the quartics through the p i 's. The surface Y is arithmetically Cohen-Macaulay and it is cut out by 7 quadrics for example by Proposition 2. Moreover the linear system |H 0 (I Y (2))| defines a Cremona transformation of P 6 (see [17, 27, 32] ). The variety X is an arithmetically Cohen-Macaulay 3-fold whose ideal is generated by 7 quadratic forms. We now show that Sec(X) = P 7 and that X has one apparent double point. Let φ: P 7 → P 6 be the rational map given by the quadrics defining X; φ is defined outside X and contracts all the secant lines to X. Since restricting φ to a general hyperplane H we obtain a Cremona transformation, the general fibre of φ is a line and necessarily a secant line to X because φ is defined by the quadrics through X.
We would like to remark that by looking to the resolution of the ideal of Y , see [17, section 3] , we can see that X does not satisfy condition K 2 and that, by adapting the arguments of [17, lemmas 3·4 and 3·5] , the quadrics through X define a subhomaloidal system. Even if condition K 2 is not satisfied one can show that the projection from a general tangent 3-plane to X onto a disjoint P 3 is birational (see Section 3, Proposition 4).
Remark 2. The same idea used in the second proof of Theorem 1 can be applied to prove some classical results about varieties with one apparent triple point, i.e. varieties such that through the generic point of the space there passes a unique trisecant line. Take for example the projected Veronese surface S ⊂ P 4 ; its ideal is generated by 7 cubic forms and the relations between these cubic forms are generated by linear syzygies (see, e.g. [1] ); hence these cubics satisfy condition K 3 , define a special completely subhomaloidal linear system and give a rational map φ:
which contracts the trisecant lines of S. These trisecant lines fill the whole space and we can show that through the general point of P 4 there passes only one trisecant line by observing that the restriction of φ to a general hyperplane gives a birational map onto the image by Proposition 1: the hyperplane section is a projected quartic rational curve, scheme theoretically defined by the seven cubics restricted to the hyperplane and the trisecant lines to the curve do not fill the hyperplane. Then a general fibre of φ is a trisecant line to S. The same technique works for the Bordiga surface of P 4 : it has ideal generated by 4 cubic forms, whose first syzygies are all linear (see, e.g. [18] ), and the trisecant lines fill the whole space. Then the Bordiga surface has one apparent triple point and the cubic forms defining it form a special and completely subhomaloidal linear system. In [33] Severi proves that the projected Veronese surface and the Bordiga surface are the only smooth surfaces in P 4 having one apparent triple point.
Projection from the tangent space
Let X n ⊂ P N , N 2n + 1, be a non-degenerate smooth variety of dimension n. Then dim (Sec(X n )) 2n + 1. We show that the property dim (Sec(X n )) = 2n + 1 can be characterized by means of the projection of X from a general tangent nplane onto a disjoint P N −1−n by using Terracini's Lemma: if z ∈ x, y is a general point lying on a general secant line to X n , then T z (Sec(X n )) = T x (X n ), T y (X n ) (see, e.g. [36] ).
Then π Tp is a generically finite rational map if and only if dim (Sec(X
Proof. Let us suppose that the projection π Tp is not generically finite. Then through a general point q ∈ X n there passes a positive dimensional fibre F ; if q = π Tp (q), then the tangent space in q to (the closure of ) F , T q (F ), should be contained in the linear space
Let us suppose dim (Sec(X n )) 2n; by Terracini's lemma for a general q ∈ X n we have T p (X n ) T q (X n ) = | 0 . Hence the projection map is ramified in q giving that π Tp is not generically finite. Otherwise by generic smoothness π Tp would be generically unramified.
In [6] Bronowski claimed that varieties with one apparent double point can be characterized by the birationality of π Tp , p ∈ X general. Since we were unable to understand his proof and since many of the results contained in that paper are not totally correct (see also [37] ), we preferred for the moment only to extract from Bronowski's claims what we need for applications and eventually return later to the proof of the claims in full generality. We point out that Bronowski's claims are verified in every known example of variety with one apparent double point but as we remark below this can be considered more a consequence of the fact that they have quadratic entry locus for every p ∈ Sec(X)\X. Proposition 4. Let X n ⊂ P 2n+1 be a smooth n-dimensional variety with one apparent double point and having quadratic entry locus for every q ∈ P 2n+1 \X n . Then the projection from a general tangent space to X n onto a disjoint P n is birational. Moreover, if X n is also scheme theoretically defined by quadric hypersurfaces, then it is an arithmetically Cohen-Macaulay variety.
to X n in p, T p (X n ), onto a general disjoint P n . We claim that the rational map π Tp : X n → P n is birational.
In fact by Proposition 3 we know that π Tp is dominant and hence a generically finite rational map; let us suppose that the degree of π Tp is 2. Let us take a general point r ∈ P n ; by definition π
−1
Tp (r) = T p (X n ), r (X n )\(X T p (X n )) consists of at least 2 points q 1 , q 2 with the property that T p (X n ), q 1 = T p (X n ), q 2 = T p (X n ), r cuts the P n exactly in r. Then the line q 1 , q 2 being contained in T p (X n ), r = P n+1 cuts T p (X n ) in a point w which does not belong to T p (X n ) X n , because otherwise X n , having quadratic entry locus for every q ∈ P 2n+1 \X n , would contain the line q 1 , q 2 and the fibre over r would not be finite. Then since through w there pass two secant lines, q 1 , q 2 and the tangent line p, w the entry locus Σ w = Q w of w generates a linear space P k w passing through w and cutting X n along a positive dimensional hyperquadric Q w ⊂ P k w passing through p and through q 1 and q 2 . To obtain a contradiction we show that π Tp (Q w ) = r and hence that π Tp is not generically finite. Clearly
according to the fact that p is a singular point or not of Q w . In any case
To conclude that X n is arithmetically Cohen-Macaulay we can argue as follows. We have h i (O Xn ) = 0 for every i > 0 since X n is a rational variety. Applying the main theorem of [4] we see that, X n being scheme theoretically intersection of quadrics, h i (I X (k)) = 0 for every k 1 and for every i > 0; hence X n is a projectively normal variety. It then follows h i (O X (k)) = 0 for every i > 0 and for every k 1; by Kodaira vanishing theorem we also have h i (O X (k)) = 0 for every 0 i < n and for every k < 0; hence X n is arithmetically Cohen-Macaulay.
It would be interesting to know under which conditions a variety with one apparent double point has quadratic entry locus for every q ∈ P 2n+1 . Moreover, we suspect that such varieties should be also the scheme theoretic intersection of the quadrics through them because 'essentially' the unique way of realizing geometrically a congruence of ((multi)-secant) lines to a smooth variety is to put them together as fibres of a rational map (see also Remark 1); varieties with one apparent double point should also naturally carry a special subhomaloidal system of quadrics: the quadrics through them. Now we give some applications.
Example 4. (A smooth 4-fold of degree 12 in P 9 with one apparent double point and for which the projection from a general tangent space is birational.) Let S 10 ⊂ P 15 be the 10-dimensional spinorial variety. The ideal of S 10 is generated by 10 quadrics and the linear system |H 0 (I S10 (2))| defines a rational map φ: P 15 → P 9 , whose image is the 8-fold quadric Q 8 ⊂ P 9 ; the closure of every fibre of φ is a P 7 (see [11] ). Taking a section of S 10 with a general P 9 ⊂ P 15 we have a smooth 4-fold X 4 ⊂ P 9 with Sec(X 4 ) = P 9 and such that |H 0 (I X4 (2))| is a completely subhomaloidal linear system for which (the closure of) a general fibre is a secant line to X. Then X has one apparent double point, it has quadratic entry locus for every q ∈ P 9 \X 4 and the projection from a general tangent space is birational.
Let us prove a Corollary of Proposition 4 and Theorem 1. The following result should be compared with [35, corollary 2·11] , which is an improvement of [4, corollary 4] 
Corollary 1. Let X n ⊂ P 2n+1 be a smooth n-dimensional variety scheme theoretically defined by quadratic forms satisfying condition K 2 and such that Sec(X n ) = P 2n+1 . Then the projection of X n from a general tangent n-plane is birational. In particular X n is a rational arithmetically Cohen-Macaulay variety with one apparent double point.
Proof. Combine Theorem 1 and Proposition 4 with the connections between condition K 2 and the entry locus described at the end of Section 1.
Let us apply the above corollary to one interesting class of varieties with one apparent double point. Grassmannians G(3, 6) over the 4 composition algebras have one apparent double point and the projection from a general tangent space is birational.) Let X 6 ⊂ P 13 be the 6-dimensional symplectic Grassmanian, let X 9 ⊂ P
Example 5. (Lagrangian

19
be the Plücker embedding of the 9-dimensional Grassmanian G (3, 6) , let X 15 ⊂ P 31 be the 15-dimensional orthogonal Grassmanian and finally let X 27 ⊂ P 55 be the 27-dimensional E 7 -variety. These varieties have a uniform description as the Lagrangian Grassmannian G Lag (3, 6) over the 4 composition algebras R, C, H, respectively O or as twisted cubics over the cubic Jordan algebras Sym 3 C, M 3 C, Alt 6 C, respectively H 3 O and are also examples of Legendre submanifolds (see [24] ).
These are homogenous varieties whose ideal is generated by quadratic forms satisfying condition K 2 and whose secant varieties fill the whole space. They have one apparent double point and the projection from a general tangent space is birational by Corollary 1. The fact that these varieties have one apparent double point was communicated to us privately by F. L. Zak. His proof is completely different. The fact that the projection from the tangent space is birational for these varieties was proved originally by Mukai by an ad hoc method using representation theory and the fact that these variety could be described as twisted cubics over the cubic Jordan algebras.
In the next sections we classify smooth varieties of dimension n with one apparent double point and of degree d 2n + 4 and we will need the following result. Let us recall that a variety X ⊂ P r of dimension n with hyperplane section H, or (X, H), is said to be a scroll over a smooth surface if there exists a morphism f : X → S making X a P n−2 -bundle over a smooth surface S such that every fibre of f is embedded by H as a linear P n−2 into P r .
Proposition 5. Let X n ⊂ P N , N 2n + 1, be a smooth non-degenerate variety of dimension n 3 such that dim (Sec(X n )) = 2n + 1. Suppose that X n is a scroll over a smooth surface S. Then if d is the degree of X, we have d (
Proof. By Proposition 3 we know that the projection π p : X n → P N −n−1 from the tangent space T p (X n ) at a general point p ∈ X n onto a disjoint P N −n−1 is generically finite. We can factor π p into two steps: the first one is the projection
Since Y is a nondegenerate irreducible variety of codimension N − 2n + 1, it has degree deg(Y ) N − 2n + 2. We want to give a lower bound for the degree d of X n by resolving the indetermination of π 1 .
Let p 1 : X 1 → X n be the blow-up of F p , let E 1 F p × P 1 be the exceptional divisor. Then X 1 is a smooth variety and ψ = p 1 •π 1 :
is a generically finite morphism given by the linear system |D| = |p * 1 (H) − E 1 |, where H is an hyperplane section of X n ; we have the formula
On the other hand it is easy to see that E
) which combined with the above lower bound gives d ( The property of having one apparent double point is a very strong condition. Proposition 2 and Theorem 1 suggest that one could hope to classify smooth, regular (i.e. with h 1 (O) = 0), linearly normal n-dimensional varieties X n ⊂ P 2n+1 of degree d 2n + 1 and such that Sec(X n ) = P 2n+1 . Let us list the varieties with one apparent double point X n ⊂ P 2n+1 having degree d 2n + 1 for n = 1, 2, 3, 4.
Proposition 6. Let X n ⊂ P 2n+1 , n 4, be a linearly normal variety of degree d 2n + 1 and with Sec(X n ) = P 2n+1 . Then X n is one of the following:
, 2, 2), n 2, or an Edge variety of dimension n 2. In particular such an X n has one apparent double point.
Proof. For n 2 the result is trivial. For n = 3, 4 we can use the arguments and results of [18, 20] to give a quick answer; in fact since X n is linearly normal and since q(X n ) = 0, the sectional genus g(X n ) is less than or equal to n − 1 3 and the classification of such varieties is well known. More generally F. L. Zak has asked: is a linearly normal variety X n ⊂ P 2n+1 of degree less than or equal to 2n + 1 and with Sec(X n ) = P 2n+1 a variety with one apparent double point? Is a linearly normal variety X n ⊂ P 2n+1 of degree less than or equal to 2n + 1 and with Sec(X n ) = P 2n+1 a regular variety, i.e. h 1 (O Xn ) = 0? If n 5 and if X n ⊂ P 2n+1 is a variety with one apparent double point of degree d 2n+1, then [21, theorem 1] combined with Iskovskih-Fujita classification of Del Pezzo manifolds (see [13] ) implies that X n is either a scroll over a curve or a scroll over a birationally ruled surface or a hyperquadric fibration over a curve; this opens the chance of answering the above questions. We summarize this consequence of Ionescu's theorem in the following proposition which is of fundamental importance in the rest of the paper. 
Proof. Combine [21, theorem 1] with the Iskovskih-Fujita classification of Del Pezzo manifolds (see [13] ) to obtain cases (i)-(iii). To finish we remark that there exists no 4-fold X 4 ⊂ P 9 whose reduction is (P 4 , O P 4 (2)) since ν 2 (P 4 ) ⊂ P 14 can be projected smoothly at most from a point of itself excluding case (f ) of [21, theorem I] .
We will give an affirmative answer to the above questions by proving also some general results on varieties with one apparent double point.
Theorem 2. Let X n ⊂ P 2n+1 be a variety with one apparent double point of degree d 2n + 1. Then X n is either the twisted cubic in P 3 , n = 1, or, for n 2, it is a smooth irreducible divisor of type (2, 1), (0, 2) or (1, 2) on the Segre variety
Corollary 2. Let X n ⊂ P 2n+1 be a smooth n-dimensional linearly normal variety of degree d 2n + 1 and with Sec(X n ) = P 2n+1 . Then X n is a variety with one apparent double point and it is either the twisted cubic in P 3 , n = 1, or, for n 2, a smooth irreducible divisor of type (2, 1), (1, 2) or (0, 2) on the Segre variety P 1 × P n ⊂ P 2n+1 . In particular X n is regular and simply connected.
We need some preliminary results. Firstly we recall a result proved originally by Edge even if he surprisingly ignored the case (2,1); this result was also rediscovered independently by F. L. Zak. It is the generalization of the fact that on the quadric surface in P 3 the twisted cubic and a pair of skew lines are the unique smooth subschemes such that for the general point of P 3 there passes a unique secant line. 
of secant lines through p has the form P 1 × P 1 p for some P 1 p ⊂ P n and spans a linear P Proof. By definition X n is isomorphic to P C (E), with E a locally free sheaf of rank n over a smooth curve C. Since q(X n ) = 0, C P 1 and hence E ⊕ n i=1 O P 1 (a i ), with 0 < a 1 a 2 · · · a n . We know that X n is linearly normal and hence that 2n+2 = h
, 3), n 1. The last part is well known.
The following result will be a fundamental step in the proof of Theorem 2 and it shows once more the rigidity of varieties with one apparent double point.
Proposition 9. Let X n ⊂ P 2n+1 be a smooth n-dimensional variety with one apparent double point which is a hyperquadric fibration over a smooth curve. Then X n is a divisor of type (0, 2) or (1, 2) on the Segre embedding of
Proof. Since q(X n ) = 0, two fibres of the fibration φ: X → C are linearly equivalent and are embedded as quadric hypersurfaces in P 2n+1 , each hyperquadric spanning a linear P n in P 2n+1 . By [12, theorem 1] , the union of these P n is a rational normal scroll Y over P 1 . Since Y is linearly normal, Y is the Segre variety P 1 × P n or a cone over a variety W of minimal degree n + 1 in P N with N 2n. We show that the last cases are not possible by constructing for a generic secant line p, q another secant line cutting the first one outside X n ; by [26, proposition 2] X n could not have one apparent double point. Let Π p and Π q be the n-planes of Y which contain the 2 distinct hyperquadrics Q p and Q q , passing through p, respectively q. Then if Y is a cone, Π p Π q = | 0 and let s ∈ Y be a point in the intersection. The lines s, p and s, q span a plane Π, which contains the secant line p, q ; the line s, p (resp. the line s, q ) intersects the hyperquadric Q p (resp. Q q ) in another point p different from p (resp. q different from q), because it is contained in the n-plane Π p (resp. Π q ). Then the secant line p , q is contained in Π, because it intersects the lines s, p and s, q , and intersects the secant line p, q outside X n because by the generality of p and q the line p, q is not trisecant. Then X n is contained in the Segre variety as a divisor of type (a, 2) and the conclusion follows from Lemma 1.
Proof of Theorem 2. We can suppose n 5 by Proposition 6. By Proposition 7 we can assume that X n has either the structure of scroll over a smooth rational curve or the structure of hyperquadric fibration over a smooth rational curve or of scroll over a smooth rational surface. In the first case we are done by Proposition 8, in the second case we can apply Proposition 9, while Proposition 5 assures that for n 5 there do not exist varieties with one apparent double point of degree d 2n + 1 having the structure of scroll over a surface.
Proof of Corollary 2. By Proposition 2, by Theorems 1 and 2 it suffices to prove q(X n ) = h 1 (O Xn ) = 0. Moreover by Proposition 6 we can suppose n 5 and by Proposition 5 we know that (X n , H) is not a scroll over a smooth surface. By applying Proposition 7 once again it suffices to prove that if (X n , H) is a hyperquadric fibration over a smooth curve C or a scroll over a smooth curve C, then it is regular. We will use the 'double point formula'. Let X n ⊂ P 2n+1 be a smooth variety: the number of apparent double points of X n ⊂ P 2n+1 , δ(X n ) 0, is the number of secant lines to X n passing through a general point and it is given by the following formula:
where s i (X n ) is the ith Segre class of X n and H is the class of a hyperplane section of X n (the formula was known to Severi see [34] ; see [16, 22, 25] for proofs, discussions about the origins of this formula and generalizations). Since in our case we know the abstract structure of (X n , H) we can make the calculation of the Segre classes s i (X n ) and compute their total degree s i (X n ) · H n−i . In both cases this was done in [5] . If (X n , H) is a hyperquadric fibration, X n can be realized as a divisor in a P nbundle P C (F) over C of numerical type 2T + bF , where T is the class of the tautological divisor and F the class of a fibre; by computing the Segre classes of X n in P C (F) the double point formula yields
where g is the sectional genus of X n and q = q(X n ). If d 2n + 1, then necessarily q(X n ) = 0 as desired. In the second case X n P C (E) with E a locally free sheaf of rank n over the smooth curve C, q(X n ) = g(C) = q and the embedding of P C (E) is given by the complete linear system |O P(E) (1)|. By computing the Segre classes of (X n , H) in this case we obtain In this section we classify smooth varieties with one apparent double point X n ⊂ P 2n+1 having degree d satisfying 2n + 2 d 2n + 4. Once again this is possible because due to Proposition 7 we know the abstract structure of X n . Let us begin by analysing the case of scroll over surfaces. Proof. By hypothesis X n ⊂ P 2n+1 is a variety with one apparent double point having the structure of scroll over a smooth rational surface Y , i.e. there exists a rank n − 1 vector bundle E on Y such that X n P Y (E) and such that every fibre is embedded as a linear where clearly we will put δ(X n ) = 1 (see, e.g. [5] for computations). By Proposition 5 we necessarily have either n = 4 and d = 10, respectively 11 and 12 or n = 5 and d = 13, respectively 14.
Let us suppose n = 4. Then, simplifying the denominator on the left side of the double point formula we would obtain the contradiction that 3 divides 2. Let us suppose n = 5. The coefficient of d 2 − d on the left side is 2 5 and we would obtain that d 2 − d is divisible by 5 but this is impossible because we have that d is either 13 or 14.
Let us recall the following result proved in [8] . It is obtained by applying the main theorem of [8] to exclude the existence of Mukai 3-folds with one apparent double point and then by analysing Mukai's classification to detect which Mukai manifolds of dimension at least 4 have one apparent double point.
Proposition 10 ([8])
. Let X n ⊂ P 2n+1 be a Mukai variety of degree 2n + 4, sectional genus n + 3 and having one apparent double point. Then either n = 4 and X 4 ⊂ P 9 is a linear section of the spinorial variety S 10 ⊂ P 15 described in Example 4, or n = 6 and X 6 ⊂ P 13 is the symplectic Grassmanian of degree 16 described in Example 5.
Remark 3. The two Mukai manifolds appearing in the proposition can be characterized as the unique varieties with one apparent double point having as general curve section a canonical curve (see [8] ). The last one is an equivalent definition of Mukai variety.
Let us summarize the results of this section in the following Theorem. Proof. By the classification of curves and surfaces with one apparent double point we necessarily have n 3. If n = 3, then necessarily d = 8 and X 3 is like in Example 3 by [8] . If n 4 by Propositions 7-9, we have that either (X n , H) has the structure of scroll over a smooth rational surface given by the adjunction map or d = 2n + 4 and (X n , H) is a Mukai manifold of genus g(X n ) = n + 3. In the first case we can apply Lemma 2 while in the last case we get the result by Proposition 10.
